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I. INTRODUCTION 



Chiral perturbation theory (ChPT) has been very successful in describing the vacuum 
sector of QCD at low energies The sector with one baryon is more complicated. 

There, problems of obtaining a systematic power counting were encountered in the man- 
ifestly Lorentz-invariant formulation of the corresponding effective field theory (EFT) 0. 
These problems have been handled in the framework of the so-called heavy-baryon chiral 
perturbation theory (HBChPT) (EE!- Later the systematic power counting has also been 
restored in the original manifestly Lorentz-invariant formulation 0, H, EoUlll 12l . 

The strong coupling of the A(1232) resonance to the ttN channel and the relatively small 
mass difference between the nucleon and the delta motivate the inclusion of the A as an 
explicit dynamical degree of freedom in baryon chiral perturbation theory (BChPT). This 
has been done in a systematic way in the heavy-baryon formulation using the so-called 
"small scale expansion" (see, e.g., Ref. E5 for an overview). A different power counting for 
the EFT with an explicit A degree of freedom has been considered in Refs. [Til . Il5| . 

When explicitly including the A resonance in BChPT, one has to deal with the whole 
complexity of a consistent interaction of higher-spin fields (see, e.g., Refs. EE EES). 
The problem is that, in a Lorentz-invariant formulation of a field theory involving particles 
of higher spin (s > 1), one necessarily introduces unphysical degrees of freedom. Physical 
degrees of freedom are defined on a surface specified by constraints. It turns out that it is 
rather non-trivial to write down interaction terms which respect the constraint structure of 
the theory. Various suggestions for constructin g co nsistent interactions involving spin-3/2 
particles can be found in, e.g., Refs. H HE 

In this context we note that, as the low-energy EFT deals with small fluctuations of 
field variables around the vacuum, the problems showing up for stronger fields are not 
relevant to this theory. For such configurations the higher-order terms (infinite in number) 
generate contributions to physical quantities which are no longer suppressed by powers of 
small expansion parameters. Therefore, for large fluctuations the conclusions drawn from 
an analysis of a finite number of terms of the effective Lagrangian cannot be trusted. On the 
other hand, for small fluctuations around the vacuum one requires that the theory describes 
the right number of degrees of freedom in a self-consistent way. The interaction terms can be 
analyzed order by order in a small parameter expansion. Such an analysis leads to non-trivial 
constraints on the possible interactions. 

In the present paper we consider the manifestly Lorentz-invariant form of BChPT with 
explicit A degrees of freedom. When using the standard formulation in combination with 
dimensional regularization one may face difficulties with respect to constructing the cor- 
rect Lagrangian for spin-3/2 particles in n space-time dimensions. Therefore, we apply the 
higher-derivative formulation of Ref. [2^| which is explicitly defined in four space-time di- 
mensions. In order to generate a systematic power counting in the relevant EFT, we need 
to choose a suitable renormalization condition j^, E 5 11, Hi- While the infrared regular- 



ization of Ref. [9( has been reformulated in a form which is also applicable to the effective 
theory with explicit resonance degrees of freedom we use the extended on-mass-shell 
(EOMS) renormalization scheme of Ref. E3 m this work. Using as examples the one-loop 
contributions to the nucleon and A self-energies we demonstrate that there is a system- 
atic power counting in the manifestly Lorentz-invariant formulation of the considered EFT. 
Other approaches, such as the twisted mass ChPT and chiral extrapolations in the frame- 
work of the covariant small scale expansion have recently been discussed in Refs. [30J and 
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[3jJ, respectively. 



II. THE EFFECTIVE LAGRANGIAN 

In this section we will briefly discuss those elements of the most general effective La- 
grangian which are relevant for the subsequent calculation of the nucleon mass and the pole 
of the A propagator at order p 3 . 1 All parameters and fields correspond to renormalized 
quantities. Counterterms are not explicitly shown. 



A. Non-resonant Lagrangian 

The non-resonant part of the effective Lagrangian consists of the sum of the purely 
mesonic and the nN Lagrangians, respectively, 



N- 



both of which are organized in a (chiral) derivative and quark-mass expansion (see, e.g., Ref. 
for an introduction), 



jC w — C2 + £4 + 



where the subscripts (superscripts) in C n (C^n) refer to the order in the expansion. The 
lowest-order mesonic Lagrangian reads 



£ 2 = — Tr 



D,U (DKU?\ + — Tr ( x rf + U X ] ) ■ (1) 



The pion fields are contained in the unimodular unitary (2 x 2) matrix U which, un- 
der a local SU(2)i x SU(2)# x U(l)y transformation denoted by the group element 
{Vl(x), Vr(x), exp[— iQ(x)]), transforms as 

U _, u> = v R TJVl (2) 

Introducing external fields 1^ and transforming as 

Ijj, >- V L l,Vl + tV L d,Vl 
' * V R r^ + iV R d^V^ 

the covariant derivative is defined as 

D„U = d lt U-ir l JI + iUl li . 

In Eq. (^), F denotes the pion-decay constant in the chiral limit: F n = F[l + 0(rh)\ = 92.4 
MeV. Moreover, 

X = 2B(s + ip) 



1 Here, p stands for small parameters of the theory like the pion mass and the A-nucleon mass difference. 
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contains external scalar and pseudoscalar fields transforming as x l— * Vr-X^l- We wor k i n 
the isospin-symmetric limit m u = = m and the lowest-order expression for the squared 
pion mass is M 2 = 2Bm, where B is related to the scalar quark condensate in the chiral 
limit [2], (0|««|0> = (0|dd|0) = -F 2 B. 

To improve the ultraviolet behavior of the pion propagator and to regulate the loop 
diagrams calculated in this work, we use the higher-derivative formulation of Ref. j28[. We 
include the following additional terms in the effective Lagrangian: 

G* = E x T Tr ({ ^ n uu] ~ u ^ ^ f ) [ D w ~ u " xUi + Ux 

n=l 

where D 2 U = D a D a U and X n are free parameters. For our calculations we take N n = 4 
and choose the parameters Xi as 

x _ 4 
x _ 6 

Xs = A*' 

X 4 = Jj, (3) 

resulting in the modified pion Feynman propagator 

1 (-A 2 ^ 4 

p 2 — M 2 + i0+ (pa _ A2 + i0 +) 



*t(p) = 3 ^ . ^ ; o K — ..,,4 - ( 4 ) 



Here, A is a free parameter which plays the role of a regulator in the loop diagrams. 

Let $ = (p, n) T denote the nucleon field with two four-component Dirac fields p and n 
describing the proton and neutron, respectively, transforming as 

V i-> = exp[-iQ]K[V L , V R , U]V, (5) 

where 



K\y L ,V R ,U\ = y/V R UVl V R VU. (6) 

The ttN Lagrangian is bilinear in \I/ and \I/ and involves the quantities u, u^, T M , and x± 
(and their derivatives): 



u 2 = U, 



Up 



i [u ] (dp - ir^) u-u{d ti - il^) u ] ] , 
r M = - [m 1 " (<9 m - ir M ) u + u(d fJ ,- il^) u ] ] , 
X± = u ] \u ] ±u\ ] u. 
In terms of these building blocks the lowest-order Lagrangian reads 



4at = * - m + \ 9 a l^ 5 u^j (7) 
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where the covariant derivative is defined as 

D^ = (d, + T,-tvl s ^ 

with the external field transforming as t— > — <9 M 0. Finally, m denotes the mass of 

o 

the nucleon at leading order in the expansion in small parameters and 9a refers to the chiral 
limit of the axial- vector coupling constant. 

For our purposes, we only need to consider one of the seven structures of the Lagrangian 
at 0{p 2 ) 8 

4 2 i = 5 1 Tr( X+ )#vI/ + ..., (8) 
where c\ refers to the coupling constant in the theory explicitly including delta degrees of 

(3) 

freedom. The Lagrangian C L does not contribute in our calculations. 



B. Lagrangian of the A(1232) resonance 

In order to write down the Lagrangian of the A(1232) resonance [I(J P ) = |(| + )] we 
introduce the vector-spinor isovector-isospinor fields 

= (* ) ' ^ = 0,1,2,3, * = 1,2,3, (9) 
V aM,— a / 

i.e., for any values of \x and i the component consists of an isospin doublet of Dirac 
spinors. The delta field components transform as 21] 

V»,i,a *^i, Q = expf-ielfoj.o/jtf^,/?, (10) 

where 

}d j>a0 = ^TrinKrjK^K^ (11) 
with K defined in Eq. (jSJ). The corresponding covariant derivative is given by 

where we parameterized T M = TaT^. The description of Eq. Q involves 6 (uncoupled) 
isospin components whereas the physical delta consists of an isospin quadruplet. Introducing 
the isospin projection operators 2 



3 1 

£»J,a/9 = S ij S <*P ~ gC^'W (12) 
1 

' " 3" 



= oinTj)^, (13) 



the leading-order Lagrangian is given by 13] 3 

dg = %^A.^H U , (14) 



2 Note that the isovector components refer to a Cartesian isospin basis. 

3 We have explicitly included the projection operator in the definition of the Lagrangian. 
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where 



ip - m A ) + %A (7^ + 7^) 
+ l - (3A 2 + 2A + 1) ^pj v + m A (3A 2 + 3A + 1) lillv 
+^il5 9,j,u + ^ {lp,u v + u^ u ) 75 + ^ 7^ 757,, 



(15) 



Here, A is an arbitrary real parameter except that A 7^ — 1/2 and mA denotes the mass of 
the A at leading order in the expansion in small parameters. 

The Lagrangian of Eq. (|T4*|) describes a system with constraints. Using the canonical 
formalism (i.e. canonical coordinates and momenta and the correspon ding Hamiltonian) we 
have analyzed the structure of the constraints in analogy with Refs. |2dL I22I] . Demanding 
that the above interaction terms lead to a consistent theory with the correct number of 
physical degrees of freedom we obtain after a lengthy calculation the following relations 
among the coupling constants 33]: 

1 + 2A + 3A 2 

g 2 = Ag 1 , g 3 = g 1 . (16) 

In other words, what seem to be independent interaction terms from the point of view of 
constructing the most general Lagrangian |13J], turn out to be related once the self consistency 
conditions are imposed. This situation is similar to the case of the universal p-meson coupling 
recently discussed in Ref . ■ There, relations among coupling constants were obtained from 
the requirement of the consistency of EFT with respect to renormalization. 

The Lagrangian of Eq. (j!4)l with the couplings of Eq. (fT7)|) is invariant under the set of 
t r ansf or mat ions 

^ M -> * M + a7 M 7^, (17) 

l + 4a v ' 

which are often referred to as a point transformation 2(1 2lj|. The change of field variables 
of Eq. (fTTj) generates a (new) Lagrangian £(\I/ M , gi, A + 2a + AaA) which, as a consequence 
of the equivalence theorem [35], must yield the same observables as the original Lagrangian 
C^^, gi, A). Since a can be chosen arbitrarily except that a ^ —1/4, physical quantities 



cannot depend on A |20l. |21|. We will use A = — 1 in our calculations. It is worth empha- 
sizing that we did not require the invariance under the point transformation to begin with; 
rather it comes out automatically as a consequence of consistency in the sense of having 
the right number of degrees of freedom. Moreover, demanding the invariance under the 
point transformation alone would not be sufficient to obtain the relations of Eq. (fTB*j) . For 
example, in Ref. [2j| three 7rAA interactions involving one overall coupling constant and 
two additional "off-shell parameters" were introduced so as to preserve the invariance under 
the point transformation. It was then shown that the contributions to physical quantities, 
generated by the two interaction terms corresponding to the above coupling constants g 2 
and #3, can be systematically included in redefinitions of coupling constants of an infinite 
number of local terms in the Lagrangian. As we are unable to analyze all of these structures 
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and decide if they are allowed by consistency conditions (in the sense of generating the cor- 
rect number of degrees of freedom), we choose to use the above values of Eq. (|16p. which 
are certainly consistent. 

The effective Lagrangian of Eq. (J 14)) is also invariant under the following local transfor- 
mations 

^i(x) -> ^(ar) + na^x), (19) 

where a M is an arbitrary vector-spinor isospinor function. This is due to the fact that we use 
six isospin degrees of freedom \P M) i )a (a;) instead of four physical isospin degrees of freedom. 
We could make use of Eq. (|A1|) and rewrite the Lagrangian in terms of the physical fields, 
but for reasons of convenience we prefer to work with the gauge-invariant Lagrangian. 
The quantization of the effective Lagrangian of Eq. (fT^j) with the gauge fixing condition 



r vf 



leads to the following Feynman propagator 4 



(20) 



where 

strip) 



p 2 — m\ + i0+ 
1 1 + A 



3m 2 1 + 2A 



r - \ W + ^— 

3 6m A 
A 1 + A 



(P^7 



" 7Y) 



3m 



2 jfp" 



1 + 2A 



2(1 + 2A) J 



A 



1 + 2A 



prnf 



■1 results in the most convenient expression for the free delta 



In particular, choosing A ■■ 
Feynman propagator. 

From the Lagrangian at 0(p 2 ) we only need one term, namely, 



C 



(2) 



-cfTr( X+ )^a<r^,r 



(21) 



ttNA interaction term 



The leading-order irNA interaction Lagrangian can be written as 



C 



(i) 

ttTVA 



-g *w & (<T + z -f-f) u v4 * + h.c. , 



(22) 



where we parameterized u M = T^u^k > an d 9 an d z are coupling constants. The analysis of 
the structure of constraints yields 

I = ^ (23) 

Again, the interaction term of Eq. (|22j) with the coupling constants g and z constrained by 
Eq. is invariant under the point transformation of Eqs. (|T7|) and (fTHj). 



With this choice we associate a factor iStf (p) with an internal delta line of momentum p. 
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D. Power counting 



We organize our perturbative calculations by applying the standard power counting of 
Refs. [36l I!?} to the renormalized diagrams, i.e., an interaction vertex obtained from an 
0(p n ) Lagrangian counts as order p n , a pion propagator as order p~ 2 , a nucleon propagator 
as order and the integration of a loop as order p 4 . In addition, we assign the order 
p^ 1 to the A propagator and the order p 1 to the mass difference 5 = — m. As will be 
demonstrated below, this power counting is respected by the renormalized loop diagrams 
within the EOMS renormalization scheme of Ref. 2 • 



III. NUCLEON MASS 



In this section we calculate the nucleon mass to order p 3 . To that end we consider the 
two-point function of the nucleon 



d 4 xe ip - x (0\T[q(x)q(0)]\0) 



1 



m — £( 



(24) 



where £ is the self-energy of the nucleon. The nucleon mass is identified in terms of the pole 
of Eq. flUD at p 1 = m N . 

Equation (|SJ) generates the constant tree-level contribution — AdiM 2 to the self-energy at 
0(p 2 ). The unrenormalized one-loop contribution resulting from Fig. ^ (a) has the form 



iloop 



where 



with 



o2 

Q n A 8 

■-§5- [l, (-> + m) lv C(411) - g, vlx 

d 4 k {l,k»k v ,Wk v k x } 



{l m (abc),I^(abc),I^\abc)} 



(27T) 



A a B b Ci 



(25) 



(26) 



A = k 2 -A 2 + 

B = k 2 - M 2 + i0 + , 

C m = (p + k) 2 - m 2 + i0~ 



Substituting the results of the loop integrals of Appendix [0 into Eq. (|23|) . we obtain 

'A 



iloop 



{j> = m N ) 



o2 

9 A m 



32 7T 2 F 2 

o2 

9 A M 2 
Q4tt 2 F 2 

3 t A M 3 



A + 7 m — 6 m In 



m 



5 m — 24 Ci m 2 — 4 c\ A 2 — 12 m In 



A 



' (27) 

Within the EOMS renormalization scheme [3 the first two lines of Eq. (23) are canceled 
by the corresponding contributions of the counterterm diagram of Fig. ^(c), leaving the last 
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line of Eq. (|27|) as the 0(p 3 ) contribution of the renormalized diagram of Fig. ^ (a). The 
unrenormalized one-loop contribution of the A resonance of Fig. ^ (b) reads |38| 



iloop 



4g 2 A s 
3m 2 A F 2 



+ m A ) ( Pfl p u - p\ v ) C A (411) + 7 A {PvPu - pV) /r A A (4H)] • (28) 



The corresponding contribution to the mass of the nucleon is obtained from 

5g 2 



S A° P (^ = m N) 



1152 ti 2 F 2 

g 2 5 
+ 576 7T 2 F 2 

.2 



-8mA - 21 rrf + 24 rrf In 



28 A 2 - 135 m 2 + 120 m 2 In ( — 

\m 



[4 ci M 2 m (32 A 2 + 55 m 2 ) - 3 5 2 (8 A 2 + 35 m 2 )] 

, „ [5 2 + 2M 2 (2c im -l)] m( 
48vr 2 F 2 L v ;J V m / 



384 vr 2 F 2 m 
5mg 2 



g 2 ^ 2 



144 vr 2 F 2 m 2 

,2 



(11 5 3 - 72 ci^M 2 m) 



g 



24tt 2 F 2 



[3 5 3 - M 2 5 (7 + 60 ci m)] In (A) 



288 7T 2 F 2 



355 3 + 6 5M 2 (l + 25 cim) 



+96 (5 2 -M 2 ) 3/2 In 



5 - VS 2 - M 2 
M 



6tt 2 F 2 



(2^_3M 2 5) Ing). 



(29) 



Again, in the EOMS renormalization scheme the first six lines of Eq. ()29)1 are canceled by the 
corresponding contributions of the counterterm diagram of Fig. H](c), leaving the last three 
lines of Eq. (I29j) as the delta loop contribution to the nucleon mass at 0(p 3 ). Combining 
the tree-level result at 0(p 2 ) with the 0(p 3 ) one-loop contributions we obtain the following 
expression for the nucleon mass: 



m N 



m - 4 CtM 2 - 



3 °g\ M 3 



+ 



32vrF 2 288tt 2 F 2 



35 5 3 + 6 5M 2 (1 + 25 c x m) 



+96 (5 2 -M 2 y /z In 



2 ^3/2, (8- VS 2 -M 2 



M 

(M\ 



6tt 2 F 2 



(2 5 3 - 3 M 2 5) In I— J + O (p 4 ) 



(30) 



which is in agreement with Ref. |40j. 

By explicitly including the spin-3/2 degrees of freedom, terms of higher order in the chiral 
expansion have been re-summed. In order to obtain the numerical value of these terms, we 
expand Eq. (|30|) in powers of M and match the terms of orders M° and M 2 , respectively, 
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to the corresponding quantities of the EFT without explicit spin-3/2 degrees of freedom. 
Taking into account that there are no tree-level A contributions to c\ we obtain 



o g 2 5 3 , fm\ 35 ^r 2 (5 3 , 01 . 

m=m+ J^ ln {Ts) + 288^F-^ (3l) 

c x = ~ Cl - (I + 5c im ) 59 [ 6 - + In (™) , (32) 

v ; 192tt 2 F 2 8tt 2 F 2 \2SJ ' V ; 

o 

where m denotes the nucleon mass in the chiral limit and C\ replaces the coupling constant 
of Eq. (JHJ) in the theory without spin-3/2 degrees of freedom. Using Eqs. (j3*TJl and (|3*2*|l . the 
nucleon mass of Eq. ()30|) can be rewritten as 



°2 

miV = m -Ac x M 2 - 32 ^ F2 +^iv, (33) 



where rn-Ar ~ M 4 and contains an infinite number of terms if expanded in powers of M/5. 

In order to calculate the numerical value of mjv, we make use of g = 1.127 as obtained 
from a fit to the A — > nN decay width, and take the numerical values 

g A = 1.267, F n = 92.4 MeV, m N = m p = 938.3 MeV, 

M n = M w+ = 139.6 MeV, m A = 1210 MeV, S = m A - m N . (34) 

Substituting the above values in the expression for results in 

mN = —5.7 MeV. (35) 



We recall that an analysis of the nucleon mass up to and including order M 4 4l| yields 
(882.8 + 74.8 - 15.3) MeV = 942.3 MeV for the first three terms of Eq. flUHJ). This analysis 
made use of c\ = —0.9m]^ 14211 as obtained from a (tree-level) fit to the rrN scattering 
threshold parameters of Ref. |43| and a value of 45 MeV jiij for the pion-nucleon sigma 
term to be discussed below. In other words, the explicit inclusion of the spin-3/2 degrees of 
freedom does not have a significant impact on the nucleon mass. 

Applying the Hellmann-Feynman theorem i]J 46| to the nucleon mass 0, HI H?J 

° = ^MJ. (36) 
the pion-nucleon sigma term to order p 3 reads 

„ ~ w2 9 9 A M 3 5^ 2 (l + 5cim)5M 2 

a = -4 CiM 2 — - + — — ■ 

1 64vrF 2 48vr 2 F 2 

g 2 (5 2 - M 2 )l M 2 , (5- V5 2 - M 2 \ g 2 5 M 2 ( M\ , . 

ln U +7r^aM— • ( 3? ) 



2tt 2 F 2 V M J 2n 2 F 2 \m J 

Again, expanding Eq. (j3*7|) in powers of M and using Eq. (|32|). we rewrite a as 



r2 9 ^ M 3 



a = -4 Cl M 2 --^^ + a, (38) 
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where a is of order M 4 and contains an infinite number of terms if expanded in powers of 
Mj 5. With the numerical values of Eq. (|34|) we obtain from Eq. (|37j) 



a 



-10.2 MeV, (39) 



while the first two terms of Eq. (J3HD yield (74.8 - 22.9) MeV = 51.9 MeV. These numbers 
have to be compared with the empirical values of the sigma term extracted from data on 
pion-nucleon scattering: 40 MeV 0, (45 ± 5) MeV 0, and (64 ± 7) MeV @. Equation 
(I39|) indicates that the explicit inclusion of the spin-3/2 degrees of freedom plays a more 
important role for the sigma term than for the nucleon mass. However, one has to keep 
in mind that the sigma term only starts at order M 2 and thus, on a relative scale, is 
automatically more sensitive to higher-order corrections. 

IV. POLE OF THE A PROPAGATOR 

Using isospin symmetry, the isospin structure of the dressed A propagator is given by 

S^(P)=4^(P), (40) 

where S^ v (p) is obtained by solving the equation 

S^{p) = S^{p) - S^(p)Z p(T (p)S™(p). (41) 

Here, Sq V (p) refers to the free Feynman propagator of Eq. (j2*Uj) and %Y) LV originates from 
the sum of the one-particle-irreducible diagrams contributing to the two-point function of 
the A. 5 The solution of Eq. (J4"T| has a rather complicated form jH^, but at this stage we 
are only interested in determining the pole of the dressed propagator. For that purpose we 
may contract Eq. (|4*T|) with appropriate vector spinors, 

u^S^ u v = u^Sq u v u ^S^Yl pa S 'q u V} (42) 

where 

= 0, 

p^u^ = 0, (43) 

with corresponding expressions for the adjoints. We parameterize the dressed propagator 
and the self-energy of the A resonance as 

10 

S^ = ^S a Pr, (44) 

a=l 
10 

S^ = J2s a VH u , (45) 

a=l 



5 In analogy to the case of vector bosons, we choose a sign convention where i refers to the components 
of the self-energy tensor. 
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where the E a and S a are functions of p 2 , and the basis {V£ u } is specified in Appendix iBl 
Using the identities 



u,S^ = u v {S 1 + ] f>Ss) 



Sq u v 



9 2 ' 

p z — m A 
i + m A ) w m 

9 2 ' 

p z — m A 



we solve Eq. f!42j) for Si and Sg: 

St - 

S 6 - 



m A + Si 



( mA + Sl )2_ p2(1 _ S6 )2' 



1 - E f 



( mA + Sl ) 2 _ p 2 (1 _ S6 )2- 



(46) 
(47) 

(48) 



(49) 
(50) 



As was to be expected, both scalar functions Si and S 6 have the same poles. 
The pole is found by solving the equation 



with 



x = f(x) 
_ [m A + Si(x)] 2 



(51) 



(52) 



[1 - £ 6 (*)P 

Performing a loop expansion for both the function f(x) as well as the solution y to Eq. (J5TJ) 



/(*) = x>/ 



w, 



x) 



i=0 
oo 



j=0 



we obtain up to and including order h: 



y (o) + hy (i) + (h 2 )=yW + h 



/ (1) G 



(0)> 



l-/(0)'(y(0)) 



+ 0{h 2 ). 



In fact, using suitable field redefinitions |3Jj|5jj, in a first step any dependence on p 2 of the 
tree-level contribution to the self-energy can be removed, i.e. (x) = 0. We then obtain, 
setting h — 1, 

s = s (°) + S W + ■ ■ ■ (53) 
for the pole s of the A propagator to one-loop order, where 



,(0) 



m A + 4 0) ) ; 



1 - E 



(o) 



2 ' 



m A + Ei 



(o) 



1 - E 



(o) 



m A + sS 0) )E«(p 2 ) + (l-Sr)S^( P 



J p2 =s (0) 
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In a second step, using again a suitable field redefinition, the tree- level contribution propor- 
tional to Vq V = g^ v i> , i.e. Tif\ can also be removed and the result simplifies even further, 

2 



2 ( m A + SS 0) ) ( m A + £r ) ^ (/) + ^x' (p 



(°) A vW/JA 



p2= m A +Si 



+ ■ 



(54) 



Substituting = -4cf M 2 in Eq. JSU) we obtain to one-loop order at 0(p 3 ) 

s = m A - 8 m A c^M 2 + si i oop , (55) 

where the contributions to sn oop of (9(p 3 ) result from the loop diagrams of Fig. |21 
The unrenormalized contribution of Fig. |21 (a) with an internal delta line is given by 



^loop.A 



+9 -Ci J (411) 9 „^ - g/^ ( 411) ^<^ 2 -P 2 » + 2 ^'^ + ^ }. (56) 



The corresponding contribution to the pole reads 



Sloop, A 



10368tt 2 F 2 

5# 2 M 2 
+ 864tt 2 F 2 
25(7 2 



40A 2 + 321m A 2 - 264m A 2 In 



A 

m A 



9m 2 A - 20A 2 m A cf - 151m A 3 cf - Am 2 A (5 - 22m A cf ) In 



A 

m A 



432vrF 2 



APm A . 



(57) 



The unrenormalized one-loop contribution of Fig. |21 (b) with an internal nucleon line is given 
by 



T£L „ = [0< + m) C(411) + 7a/^(411)] 



J loop,7V ^2 

The corresponding contribution to the pole reads 



(58) 



Sloop, N 



9_ 

F 2 



35m A 5m^A 2 



768tt 2 



288tt 2 



+ 



5mi / A 

n hi 

96?r 2 



5mA 



967T 2 

1 

576V 2 
5 

~96vr 2 
m A 
~288vr 2 



20mA + A 2 - 20774 In 



A 

m A 



-2405 2 mi - 15m A s[ 0) - 14m A sl 0) A 2 + QOml (25 2 + M 2 ) In f — ] 

\m A / 

-SS 0) A 2 + 6m A (5 2 + M 2 ) In f —) + 20m 2 A J:f ) In / A 



m A 

3 



m A 



-95<5 3 + 3<5M 2 + 48 (<5 2 - M 2 ) 5 In 



5 - V5 2 - M 2 
M 



-i85 3 ln(— ^+725M 2 h/ ' U 



m A 



m A 



— 1- 



m A (5 2 -M 2 )2 



67T 



(59) 
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where s[ 0) = -4cf M 2 . 

After taking the contribution of the counterterm diagram of Fig. |21 (c) into account, we 
finally obtain for the pole 



m, 



8m A cf M + 2m A L A + 2m A L 



N 



g 2 m A (5 2 - M 



2,1 



F 2 



6/T 



where 



576vr 2 F 2 

+24 5(3M 2 - 2 5 2 ) ln 

25 g 2 
864 ix F 2 



95 5 3 + 3 5 M 2 + 48 (<5 2 - M 2 ) 2 ln 
.1/ 



+ 0(p 4 



V5 2 - M 2 
M 



(60) 



m A 



M 6 . 



The contribution of the renormalized loop diagrams is indeed of order p 3 as suggested by 
the power counting. The so-called pole mass is given by 



^Apoie = m A - 4c^M 2 + L A + L N + C(p 4 ). 



(61) 

Using the numerical values of Eq. (jHjj) and the SU(6) estimate qh = 9g A /5, we obtain 
L A = 102.8 MeV and L N = 15.6 MeV. We made use of 100 MeV as the value for (-2) 
times the imaginary part of the pole to fix g = 1.127. Unfortunately we do not have a 
reliable estimate for the parameter cf. For the moment, we assume it to be the same as 
Ci of the ii N Lagrangian and we obtain an estimate of 126 MeV to 177 MeV for — 4cf M 2 , 
depending on how c\ is fitted to data. 



V. SUMMARY 

We have considered the explicit inclusion of the A(1232) resonance in baryon chiral 
perturbation theory. The requirement of the consistency of the corresponding effective field 
theory in the sense of having the right number of degrees of freedom, leads to non-trivial 
constraints among coupling constants of various interaction terms. These constraints are 
compatible with the symmetries underlying the effective theory. Implementing them in the 
effective Lagrangian and using the extended on-mass-shell renormalization scheme (or the 
reformulated version of the IR renormalization) in combination with the higher-derivative 
formulation we obtain a consistent effective field theory with a systematic power counting. 
Thus, we are in a position to calculate low-energy processes involving pions, nucleons, and 
deltas to any specified order in a small parameter expansion. As applications we have 
considered the O (p 3 ) contributions to the nucleon mass, the pion-nucleon sigma term, and 
the pole of the A resonance. 
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APPENDIX A: ISOSPIN PROJECTIONS 



For the isospin components we make use of the following conventions. Let X = Y <g> Z 
denote the direct product of isospin-1 and isospin-1/2 spaces, respectively. We parameterize 
a general vector \^f) G X as 



i=l n=—i m=—l, 



where the two decompositions refer to a Cartesian and a spherical basis of Y, respectively. 
Using the Clebsch-Gordan decomposition X = Xz © Xi, we describe a general isospin-3/2 
state as 



3 

3 



X 3 _3\A)= J2 Am|-,M). 



M=- 



3 



The scalar product ((1, m\ ® (|, a|)|A) generates the component (— ^^-m.a of the state |A) 
in terms of the Clebsch-Gordan coefficient (1, m; ~, a\(l, ~)|, M) and the components A M . 

Re-expressing the spherical components in terms of Cartesian components, we then ob- 
tain, in terms of the projection operator (5 of Eq. (fT2Jl . 

3 i / i A°-A++ 

4^ = y|(^)- ( A1 ) 



This phase convention agrees with Ref. |21[ but is opposite to Ref. [13]. 



APPENDIX B: DECOMPOSITION 

For the decomposition of the dressed propagator and the self-energy of the A resonance 
of Eqs. (|44|) and (|45p we make use of the basis 

vr = tsr, rr = i-f-f, = w-f, = iW, vz = W- (bi) 

APPENDIX C: LOOP INTEGRALS 

The loop integrals of Eq. (j2T?j) have been calculated using the method of dimensional 
counting [5J| : 

1^(411) =g^ A + B, (CI) 
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where 



.4 



m 4 - 2M 2 m 2 + 3p 2 m 2 + M 4 + 3M 2 p 2 + p 2 A 2 



192p 2 n 2 [ y y y 

+2M 2 (-m 2 + M 2 + p 2 ) In ( — ) + 2p 2 (-3m 2 - 3M 2 + p 2 ) In (- 



B = 



12p 2 
1 



96p 2 TT 2 



where 
C = 



4_ 2 (M 2 +p 2 ) m 2 + (M 2 -p 2 ) 

2m 4 - 4M 2 m 2 - 5p 2 m 2 + 2M 4 - 3(p 2 ) 2 + M 2 p 2 

+4M 2 (-m 2 + M 2 + p 2 ) In ( — ) + A(p 2 ) 2 In ( - 
v ' \m J \m 

+\ [m 4 - 2 (M 2 + p 2 ) m 2 + M 4 + (p 2 ) 2 + M 2 p 2 ] • 
3p 



12m 6 - 36M 2 m 4 - 42p 2 m 4 + 36M 4 m 2 - 60(jo 2 ) 2 m 2 + 24M 2 p 



4608j9 2 7T 2 < 

-12M 6 + 3(p 2 ) 3 - 36M 2 (p 2 ) 2 + 18MV - 8Qo 2 ) 2 A 
-24M 2 [m 4 - 2 (M 2 + p 2 ) m 2 + M 4 + (p 2 ) 2 - M 2 p 2 l In f — 

+24(p 2 ) 2 (4 m 2 + 2 M 2 - p 2 ) In J 

>. 6 - 3 (M 2 + p 2 ) m 4 + [3M 4 + 2p 2 M 2 + 3(p 2 ) 2 ] 



24(p 2 ) 2 
-(M 2 -p 2 ) 2 (M 2 +p 2 ) 

D = 1 —— i -12m 6 + 36M 2 m 4 + 42p 2 m 4 - 36M 4 m 2 - 52(p 2 ) 

768j9 2 7T 2 [ 

-48MVm 2 + 12M 6 - 19(p 2 ) 2 + AM 2 (p 2 ) 2 + QM 4 p 



W\ m 2 



2\2 2 

1 ' m 



-A8M 2 p 2 m 2 + 12M 6 - 19(p 2 ) 2 + 4M 2 (p 2 ) 2 + 6M 4 p 2 

+24M 2 [m 4 - 2 (M 2 + p 2 ) m 2 + M 4 + (p 2 ) 2 + M 2 p 2 ] In + 24(p 2 ) 3 In ( 



l f J 6 
J -m 6 + 



4p 



3 (M 2 + p 2 ) m 4 - [3M 4 + 4p 2 M 2 + 3(p 2 ) 2 ] 



,2^21 m 2 



+ 



M 6 + (p 2 ) 3 + M 2 (p 2 ) 2 + MV 



In the above expressions If is given by 1 

1 



16tt 2 



p 2 -m 2 + M 2 ( M\ 2mM , ' 

y - - h _) + __F(n) 

p z \ m I p z 
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where 



r vft 2 - 1 in (-ft - Vft 2 - 1) , ft<-i, 

F(ft) = < Vl - ft 2 arccos(-ft), -1 < ft < 1, 

( Vft 2 - 1 In (ft + Vft 2 - 1) - Wft 2 - 1, 1 < ft, 

with 

_ p 2 - m 2 - M 2 
~~ 2mM ' 
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FIG. 2: One-loop contributions to the A self-energy at 0(p 3 ). 
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